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AN INITIAL INVESTIGATION INTO METHODS OF COMPUTING 
TRANSONIC AERODYNAMIC SENSITIVITY COE F F IClE NTS 

I. I ntr c? d u c t i clrr 

Th i s  r epor t  covers  t he  period from July 1, 1987 t h r u  December 31, 19<:7. The 
primary t a s k s  during t h i s  period were t o  develop and t e s t  methods f o r  computing 
a e rod y na m i c s e n s  i t i vi t y c oe f f i c i e n t E. using t h e qua si - an a 1 y t i c a 1 approach . 

11. Personnel  

The s t a f f  a s soc ia t ed  with t h i s  project  during the p r e s e n t  repor t ing  period 
were Dr. Leland A. Carlson,  Principal Inves t iga to r ,  and Hesham E l  Banna, 
Graduate  Research A s s i s t a n t .  I t  should be noted t h a t  t he  first phase  of t h i s  
research  e f f o r t  has formed the  b a s i s  f o r  t h e  Mas te r s  T h e s i s  r e sea rch  of Mr. E l  
Banna. I t  i s  an t ic ipa ted  t h a t  Mr. E l  Banna will rece ive  h i s  M.S. degree  in  
Aerospace Engineering in  e i t h e r  May or August  19:s. 

111. Research P r o w e s s  

Object ives  
Based upon t h e  program out l ined in  the  modified proposa l ,  t h e  i n i t i a l  e f f o r t  

has  concentrated on developing the  quasi-analyt ical  approach f o r  determining 
aerodynamic influence coe f f i c i en t s  (Ref. 1). In  addi t ion,  i n  o rde r  t o  keep these 
i n i t i a l  e f f o r t s  computationally e f f i c i en t  and s t r a igh t fo rward ,  it w a s  decided t o  
first consider  only two-dimensional f low and t o  model t he  problem using t h e  
t r anson ic  small  per turba t ion  equat ion  with su r face  boundary condi t ions appl ied 
along the slit. The small pe r tu rba t ion  equat ion  w a s  se l ec t ed  in s t ead  of t h e  f u l l  
po ten t i a l  equat ion  because it pe rmi t s  t h e  captur ing of impor tan t  nonl inear  
physical  phenomena while being by comparison easy  t o  handle from a coding 
s tandpoin t .  Consequent ly ,  t h e  in i t i a l  ob jec t ives  have been: 

Inves t iga t e  the feas ib i l i t y  of using the quasi-analyt ical  approach f o r  
determining aerodynamic s e n s i t i v i t y  coe f f i c i en t s  in  t h e  t r anson ic  regime. 

Determine t h e  accuracy of t h e  quas i -ana ly t ica l  approach tty comparing 
results t o  those  computed using f i n i t e  d i f fe rence  techniques.  

Inves t iga t e  e f f i c i en t  methods f o r  solving t h e  l a rge  set of equa t ions  
a s soc ia t ed  with t h e  quasi-analyt ical  appraoch. 

(1) 

(2) 

(3) 

Problem S ta t emen t  

can be obtained by solving t h e  s e t  of equa t ions  
Under t h e  quasi-anlyt ical  method, the aerodynamic s e n s i t i v i t y  coe f f i c i en t s  

where R is the  r e s idua l  expres s ion  from t h e  t r anson ic  small pe r tu rba t ion  
equat ion.  I.E. 
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In Eq. (i) ,  f o r  a gene ra l  NxM g r i d ,  t h e  system is N*NxM*M; and W is t h e  des ign  
var iab le  of i n t e r e s t .  The a c t u a l  coef f ic ien ts  in Eq. (1) are obtained by evaluat ing 
t h e  appropr i a t e  analyt ical  ~ x p r e s s i o n s  using a flowfield so lu t ion  obtained from 
Eq. (2) f o r  a given set  of conditions.  Fo r  the p r e s e n t  s t u d i e s ,  it w a s  decided t o  
limit considerat ion t o  t w o  fami l ies  of a i r fo i l s ,  namely NACA f o u r  d i g i t  s e c t i o n s  
and parabolic a r c  s e c t i o n s  whose s u r f a c e  s l o p e s  a r e  d e x r i b e d  by 

Y;, '= 2CiL-x>.a'LL t 2TI: 1-2x1) 3)  

where C= maximum camber, L= chordwise posi t ion of maximum camber, T= 
maximum thickness ,  and 

LL f L * L  f o r  x {= L 

(1-LjIl-L) f o r  x~ L 

Consequently,  i n  t h e  su r face  boundary condition 

d v  
1 

t h e r e  appea r  t h e  design v a r i a b l e s  T, d , C, and L. A f i f t h  des ign  var iable  
obviously i5 the f r e e s t r e a m  Mach number which e n t e r s  t h e  problem through the 
governing d i f f e r e n t i a l  equation. Thus,  i n  t h e  p r e s e n t  s t u d i e s  t h e  des ign  
v a r i a b l e s  considered were 

I 
I SD= .lT, Md"c,C, L 1 

Now in s e t t i n g  up t h e  complete quasi-analyt ical  problem t h e  c i rculat ion and 
Since its dependence upon t ra i l ing  edge p o t e n t i a l s  must  be careful ly  included. 

the circulat ion is determined by t h e  d i f f e rence  in  p o t e n t i a l s  a t  t h e  t ra i l ing  edge 

< 6) 
and s i n c e  a branch c u t  e x t e n d s  from t h e  t ra i l ing  edge to  downst ream inf ini ty ,  the  
t r a i l i n g  edge p o t e n t i a l s  appea r  i n  t h e  r e s i d u a l  e x p r e s s i o n s  for  p o i n t s  along t h e  
branch cut.  In  addi t ion,  s ince  i n  t h e  t w o  dimensional case the inf in i ty  boundary 
condi t ions are proport ional  to  t h e  circulation, t h e  t r a i l i n g  edge p o t e n t i a l s  also 
appea r  i n  t h e  res idua l  e x p r e s s i o n s  a t  p o i n t s  adjacent  t o  t h e  o u t e r  boundaries.  
Consequently,  t h e  r e s u l t a n t  CdR/aQP3 matrix, while banded, also con ta ins  many 
nonzero e l e m e n t s  f a r  from t h e  c e n t r a l  band. Obviously, the  p resence  of t h e s e  
e l e m e n t s  grea t ly  complicates t h e  rapid and e f f i c i e n t  so lu t ion  of t h e  s e n s i t i v t y  
equat ion,  Eq. (1). 
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Solve r s  
Flowfield so lu t ions  for t h e  p r e s e n t  s t u d i e s  were  obta ined  by solving Eq. (2) 

using a n  approximate f ac to r i za t ion  technique similar t o  t h a t  p re sen ted  i n  Ref .  2. 
This approach is ccnsiderably m m e  e f i i r i e n t  that s t a n d a r d  SLOR schemes .  In  
most c a s e s ,  a 41x20 s t r e t c h e d  C a r t e s i a n  gr id  based  upon a hyperbol ic  t a n g e n t  
t r ans fo rma t ion  t h a t  p laces  t h e  o u t e r  boundar ies  a t  in f in i ty  w a s  ut i l ized,  a l though 
work is curren t ly  in  p r o g r e s s  wi th  more ref ined  gr ids .  I n  addi t ion,  for t h e s e  
in i t i a l  s t u d i e s ,  t h e  f lowfield w a s  normally computed using double prec is ion  
a r i t hme t i c  and the maximum res idua l  reduced e i g h t  o r d e r s  of magnitude. I t  w a s  
fe l t  t h a t  t h i s  leve l  of convergence w a s  necessa ry  in  o r d e r  to accura te ly  e v a l u a t e  
s e n s i t i v i t y  coe f f i c i en t s  using a f i n i t e  d i f f e rence  approach,  a l though such  
convergence may not  be requi red  i n  the f lowf ie ld  s o l v e r  for t h e  quasi-analyt ical  
method. 

Since t h e  primary object ive of t h e s e  in i t i a l  e f f o r t s  w a s  t o  e s t a b l i s h  t h e  
f eas ib i l i t y  of t h e  quasi-analyt ical  methods,  it w a s  obvious  t h a t  a reasonably  
e f f i c i en t  scheme for so lv ing  Eq. (1 )  f o r  t h e  pe r tu rba t ion  po ten t i a l  s e n s i t i v i t y  
coef f ic ien ts  w a s  needed and t h a t  a n  e l imina t ion  technique,  while  s t r a igh t fo rward ,  
would be too time consuming for  such a l a rge  sys t em.  Consequent ly ,  t h e  in i t i a l  
r e s u l t s  p re sen ted  here have been  obta ined  us ing  a Gauss-Seidel i t e r a t i v e  scheme. 
Th i s  scheme h a s  no t  yet  been  optimized b u t  it d o e s  u s e  a s p a r s e  matrix approach 
i n  t h a t  only nonzero e l e m e n t s  are s t o r e d ;  and it is cons iderably  f a s t e r  t h a n  
el iminat ion approaches.  I n  most c a s e s  t h e  error t cde rances  on  t h e  coe f f i c i en t s  
involving maximum th ickness ,  freestream Mach number and loca t ion  of maximum 
camber were  IE-06 while t h o s e  on  angle  of a t t a c k  and maximum camber were  
IE-04. Whether or no t  these can  be re laxed  i n  o r d e r  t o  pe rmi t  more rap id  
s o l u t i o n s  is under  inves t iga t ion .  I n  addi t ion ,  o t h e r  schemes ,  such as i t e r a t i v e  
t r i d i agona l  approaches ,  are also cur ren t ly  being inves t iga t ed .  

T h e s e  t w o  so lu t ion  me thods  have  been  combined i n t o  a FORTRAN corrquter  
p r o g r a m  which is menu d r i v e n  a n d  which  c a n  b e  o p e r a t e d  o n  e i t h e r  
microcomputers, small mainframes,  or mainframe machines. 

Discuss ion  of In i t i a l  R e s u l t s  
I n  t h e s e  in i t i a l  s t u d i e s ,  t h e  quas i -ana ly t ica l  method h a s  been  used  t o  

de termine  aerodynamic s e n s i t i v i t y  coe f f i c i en t s  a t  f o u r  f r e e s t r e a m  Mach numbers  
fo r  t w o  a rb i t r a r i l y  se l ec t ed  a i r fo i l s ,  each a t  one  d e g r e e  angle  of a t tack.  The  
f i r s t  is a cambered parabol ic  a r c  sec t ion  having 1% camber a t  40% chord, a 
maximurn th i ckness  of 6% a t  50% chord, and which is des igna ted  P1406; and t h e  
second is a NACA 1406 a i r fo i l .  I n  t h e  s e c t i o n s  which fol low,  t w o  types of  r e s u l t s  
wil l  be  p re sen ted .  and aCpl/dXD v e r s u s  
chord while  t h e  second wi l l  b e  a(Cpl-Cpu)/aXD, des igna ted  a s  &p/aXD. In 
addi t ion,  s e v e r a l  of t h e  f i g u r e s  wil l  also conta in  r e s u l t s  ob ta ined  us ing  t h e  f i n i t e  
d i f fe rence  approach i n  which each  des ign  va r i ab le  w a s  individually pe r tu rbed  a 
small amount, typical ly  0.001, and a new f lowf ie ld  so lu t ion  obtained.  Then  
s e n s i t i v i t y  coe f f i c i en t s  were  computed using ACp/AXD. Final ly ,  t a b l e s  
containing l i f t  coef f ic ien t  s e n s i t i v i t y  coef f ic ien t  v a l u e s  are p r e s e n t e d  and wil l  be  
d iscussed .  

The  f i r s t  wil l  be  plot5 of bCpu/aXD 
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Subsonic Cases ,  Minf = 0.2 
Pi406 Airfo i l  

i n i t i a l  s t u d i e s  concent ra ted  on subsonic cases since such c a s e 5  should run  
quickly and s ince  a t  l e a s t  approximate  r e s u l t s  would be  known from t h i n  a i r f o i l  
theory .  F i g u r e s  l ( a )  and l ( b )  show t h e  s e n s i t i v i t y  of t h e  p r e s s u r e  t o  th ickness  
for t h e  PI406 airfoi l .  As expec ted  from t h i n  a i r fo i l  theory ,  t h e  upper  and lower  
s u r f a c e  v a l u e s  are e s s e n t i a l l y  ident ica l  and t h e  d i f fe rence ,  shown on  Fig.  l (b) ,  15 
very small everywhere.  Also,  shown on  Fig. l (b)  (and on  most s u b s e q u e n t  f igu res )  
by t h e  dashed  l ine  is t h e  r e s u l t  ob ta ined  using t h e  f i n i t e  d i f fe rence  approach; 
and, a s  can be  s e e n ,  t h e  ag reemen t  be tween t h e  two  approaches  is excel lent .  

The  s e n s i t i v i t y  of t h e  p r e s s u r e  coe f f i c i en t s  to  angle  of a t t ack  are shown f o r  
t h i s  c a s e  on  F i g u r e s  2(a) and (b). A s  expec ted  from l inea r  t h i n  a i r f o i l  theory ,  t h e  
upper  and lower  s u r f a c e  cu rves  are e s s e n t i a l l y  equal  i n  magnitude b u t  of oppos i t e  
s ign.  Not surpr i s ing ly ,  t h e  s e n s i t i v i t y  of t h e  d e l t a  Cp  var ia t ion ,  Fig. 2(b)t h a s  
t h e  s h a p e  of t h e  p r e s s u r e  d i f fe rence  curve f o r  a f l a t  p l a t e  a t  angle  of a t tack ;  and 
its magnitude, par t icu lar ly  n e a r  t h e  leading edge  is q u i t e  large.  

On F i g u r e s  3ia) and 3(b) is p lo t t ed  t h e  s e n s i t v i t y  of t h e  p r e s s u r e  coef f ic ien t  
to t h e  amount of  maximum camber. Since camber con t r ibu te s  t o  l i f t ,  it is expec ted  
from t h i n  a i r fo i l  t heo ry  t h a t  t h e s e  v a l u e s  should be "equal  b u t  oppos i t e  i n  s ign" 
for  t h e  upper  and lower  s u r f a c e s ,  I n  addi t ion,  t h e  p r e s s u r e  d i f fe rence  curve h a s  
t h e  cor rec t  s h a p e  f o r  t h a t  a s s o c i a t e d  with a 14 mean l ine  wi th  t h e  peaK occuring 
a t  30% chord (Ref. 3) and h a s  magnitudes comparable to t h o s e  f o r  t h e  oCp/o 
curves.  

The E.ensitivity of  p r e s s u r e  t o  t h e  loca t ion  of t h e  maximum camber point  is 
por t rayed  on Fig. 4(a) and (b), and to  s a y  t h e  least t h e  r e s u l t s  are in t e re s t ing .  
Since maximum camber 1oca.tion a f f e c t s  t h o  camber prof i le  and hence l i f t ,  t h e  
equa l  and oppos i t e  behavior  of t h e  upper  and lower  s u r f a c e  coe f f i c i en t s  is 
expected.  In  addi t ion ,  t h e  preE.s.ure d i f fe rence  s e n s i t i v i t y  is primari ly  nega t ive  
forward  of t h e  poin t  of maximum camber and pos i t ive  a f t  o f  it. This r e s u l t  
i n d i c a t e s  t h a t  if t h o  loca t ion  of  maximum c'amtter were  moved rearward  s l igh t ly  
(i.e. a positive p L 1 t h a t  l i f t  would be  dec reased  on  t h e  forward  por t ion  of t h e  
airioil and inc reased  on  t h e  a f t  por t ion  of t h e  a i r fo i l ,  which is in  agremment wi th  
t h e  r e s u l t s  p re sen ted  i n  Ref. 3. 

Final ly ,  t h e  s e n s i t i v t y  of p r e s s u r e  t o  f r e e s t r e a m  Mach number is p lo t t ed  on  
Figs .  5(a) and  (b). I t  should b e  not iced t h a t  while  t h e  p r o f i l e s  f o r  t h e  upper  and 
lower  s u r f a c e s  are similar, t h e y  are n o t  equal  i n  magnitude, indicat ing a nonl inear  
va r i a t ion  wi th  Mach number as predic ted  by s imple  Prandt l -Glauret  Theory. 
However, a5 indica ted  by t h e  r e s u l t s  on  Fig. 5(b), t h e  magni tudes  for t h i s  
subsonic  Mach number are very  low. 

NACA 1406 Air fo i l  
F i g u r e s  6-10 show for t h e  NACA 1406 a i r f o i l  t h e  s e n s i t i v i t y  of h_Cp wi th  

position f o r  each of t h e  f i v e  des ign  var iab les .  Since t h e  NACA 1406 and t h e  
parabol ic  P I406  both  have t h e  same camber l i ne  and s ince  f o r  t h i s  low Mach 
number and t h i n  a i r f o i l s  t h e  s o l u t i o n s  should e s s e n t i a l l y  b e  l i nea r t  t h e  
s e n s i t i v i t y  t o  maximum camber and loca t ion  of maximum camber should b e  

5 



essent ia l ly  i den t i ca l  f o r  t he  t w o  a i r fo i ls .  As can De seen tty comparing Figs. 3(b) 
w i t h  8 and 4(b) w i t h  9 ,  t h e  present  quasi-analyt ical  method does indeed y ie ld  t h i s  
resul t .  L ikewise the s e n s i t i v i t y  t o  angle o f  attack, Figs.  2(b) and 7, are also 
ident ica l  f o r  the twcl a i r f o i l s .  Hclwever.. ?'.re Crerr.ure s . ~ ~ t ~ . i + i \ . / i t ; i  t o  thidcn~ss, 
Fig .  6 ,  arid f reestroam Mach number, Fig.  ! 3 ,  t i .h i le very small in mkgnitude 
compared t o  the other  coeff ic ients,  has a d i f f e ren t  chordwise va r ia t i on  than  t h a t  
f o r  the Pi406 a i r fo i l .  The f irst, o f  course, i s  expected since the t w o  a i r f o i l s  
have d i f f e r e n t  thickner.s d i s t r i bu t i ons ;  and the second i s  due t o  the  fac t  t h a t  the 
t w o  a i r f o i l s  have en t i re l y  d i f f e r e n t  pressure d i s t r i b u t i o n s  and, thus, s e n s i t i v i t y  
t o  Mach number. 

Once the s e n s i t i v i t i e s  o f  t he  po ten t i a l s  and/or Cp d i s t r i b u t i o n  t o  the design 
var iable are known, the s e n s i t i v i t y  o f  t he  l i f t  coe f f i c i en ts  t o  the design var iab les 
can be easi ly computed. To m i n i m i z e  errors,  f o r  these cases these coe f f i c i en ts  
have been computed using 

CL = 2* Circu lat ion = 2+i @k,g- 

whence 

ox D ox D 

and the  r e s u l t s  are shown on Table I. It should be not iced t h a t  f o r  the subsonic 
case t h a t  t h e  l i f t  s e n s i t i v i t e s  f o r  the t w o  a i r f o i l s  are essen t ia l l y  ident ical .  
Since these a i r f o i l s  are t h i n  and since they have t h e  same ca.mt?er l ine,  such 
agreement should ex is t .  

Transonic Cases -- M i n f  = 0.8 
P i406  A i r f o i l  

F o r  th is case, the cambered parabol ic a i r f o i l  i s  s l i g h t l y  supercr ic t ica l  w i t h  a 
weak shock on t h e  upper surface a t  about 5 5 %  chord;-and the  l ower  surface i s  
en t i re l y  subc r i t i ca l  w i t h  the  m i n i m u m  pressure p o i n t  occuring a t  60% chord. As a 
consequence the  v a r i a t i o n  w i t h  chord c f  the s e n s i t i v i t y  coe f f i c i en ts  i s  
considerably d i f f e r e n t  t han  in the subsonic case. F igu res  ilk) and (b) show the  
s e n s i t i v i t y  o f  pressure t o  the  maximum thickness; and whi le  the  l o w e r  surface 
p r o f i l e  i s  s im i la r  t o  t h a t  obtained a t  subsonic condit ions, the upper surface curve 
and the  pressure d i f ference coe i f i c i en t  p l o t  show t h e  e f f e c t  o f  t he  upper surface 
shock wave. The large peak on the  curves corresponds t o  the  l oca t i on  o f  the shock 
wave and ind icates t h a t  t he  shock wave loca t i on  i s  very sens i t i ve  t o  maximum 
thickness. Not ice on F igu res  l i ( a )  and (b) t h e  excel lent  agreement o f  t h e  
quasi-analy t i c a l  r e s u l t s  ind icated by the  s o l i d  l i n e s  w i t h  those obtained us ing 
the  f i n i t e  d i f ference approach (dashed lines). 

The r e s u l t s  f o r  a C p / ~ r  and ga/< which a re  shown on F igu res  12(a) and (b)t 
are s imi lar .  The lower  surface curve i s  t y p i c a l  o f  a subsonic f low, whi le  the 
upper surface and the pressure d i f ference coe f f i c i en ts  r e f l e c t  t he  presence o f  the 
upper surface shock wave. S imi lar  comrn~ents can be made f o r  t he  remaining design 
var iab le coeff ic ients,  which are p l o t t e d  on F igu res  13 - 15. 
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Examination of t h e  cu rves  in  t h e  vicinity of t h e  shock wave locat ion i n d i c a t e s  
t h a t  t h e  p r e s s u r e  s e n s i t i v i t y  and indirectly shock wave locat ion is abou t  equally 
influenced by angle af a t tack ,  maximum thickness ,  and f r e e s t r e a m  Mach number. 
HOWEVET., in  compar ison it i s  re la t ive ly  insens i t ive  t o  locat ion of maximum 
camber; but ,  pe rhaps  surpr is ingly 50, t h e  p r e s s u r e  is twice a s  s e n s i t i v e  t o  the 
amount of maximum camber a s  it i s  t o  t h e  o t h e r  des ign  var iab les .  

NACA 1406 
At  Minf=O.E:, the flow abou t  t h e  NACA 1406 a i r f o i l  h a s  a s t r o n g  shock a t  40% 

chord. As a r e s u l t  the p r e s s u r e  des ign  s e n s i t i v i t y  coeff ic ients ,  which are shown 
on F i g u r e s  16 - 20, have la rge  peaks a t  t h e  shock location. I n  addi t ion,  while t h e  
cu rves  a r e  s imi la r  t o  t h o s e  obtained f o r  t h e  Pi406 a i r fo i l ,  t h e y  d i f f e r  in  d e t a i l s  
and some c a s e s  i n  magnitudes.  In par t icular ,  the peak value a t  t h e  shock i n  t h e  
oCp/o curve for t h e  NACA 1406 is signif icant ly  higher t h a n  t h a t  f o r  t h e  Pi406 
airfoi l .  F u r t h e r ,  for t h e  subsonic  " l inear"  f low s i t u a t i o n  the s e n s i t i v i t y  
coef f ic ien ts  f o r  angle of a t tack,  maximum camber and locat ion of maximum camber 
were  ident ical  for t h e  t w o  a i r fo i l s .  However, a t  t r anson ic  condi t ions,  t h e  f low is 
highly nonl inear  and t h e  corresponding cu rves  f o r  t h e  t w o  a i r f o i l s  are 
s i g n i f i c a n t l y  d i f f e r e n t .  A g a i n  t h e  r e a s o n a b l e  a g r e e m e n t  b e t w e e n  t h e  
quasi-analyt ical  r e s u l t s  (sol id  l ines)  and t h e  f i n i t e  d i f f e rence  r e s u l t s  (dashed 
l ines)  is ev iden t  on t h e  f igures .  

The s e n s i t i v i t y  of l if t  t o  t h e  des ign  v a r i a b l e s  is a l s o  shown on Table I f o r  
both a i r fo i l s .  While the v a l u e s  f o r  t h e  v a r i o u s  des ign  v a r i a b l e s  are similar i n  
magnitude for t h e  t w o  airfoils, t h e r e  are some s igni f icant  differences.  For 
example, t h e  coef f ic ien ts  f o r  maximum th i ckness  d i f f e r  by a f a c t o r  of t w o  
be tween  t h e  t w o  a i r f o i l s  and t h o s e  f o r  Mach number d i f f e r  by abou t  f i f t y  percent .  
Also,  i t  should be noticed t h a t  f o r  both a i r f o i l s  the l i f t  is most  s e n s i t i v e  to  angle 
of a t t a c k  and t o  maximurn camber. 

Accuracy of t h e  Quasi-Analytical  Method 
I n  o rde r  t o  ver i fy  t h e  accuracy of t h e  quasi-analyt ical  method, des ign  

s e n s i t i v i t y  coef f ic ien ts  f o r  Cp and CL were  obtained using the f i n i t e  d i f f e rence  
approach. In  t h i s  procedure,  a s ingle  design var iab le  w a s  pe r tu rbed  by  typ ica l ly  
0.001, while all o t h e r s  remained cons t an t ,  and a new flowfield so lu t ion  obtained 
using t h e  approximate f a c t o r i i a t i o n  so lver .  Then  v a l u e s  of t h e  v a r i o u s  
s e n s i t i v i t y  coef f ic ien ts  were  t h e n  obtained by f i n i t e  differences.  The r e s u l t s  
obtained i n  t h i s  manner f o r  the p r e s s u r e  d i s t r i b u t i o n s  have been shown on t h e  
va r ious  f i g u r e s  by dashed l i n e s ,  and i n  many c a s e s  the dashed  l i n e s  are coincident 
with t h e  quasi-analyt ical  r e s u l t s  (solid l ines) .  I n  addi t ion,  Table  I1 compares  
r e s u l t s  obtained by t h e  t w o  methods  a t  Mach numbers of 0.2, 0.8 and 1.2. In most  
c a s e s  t h e  ag reemen t  is signif icant ly  le55 t h a n  i percent.  Similar numbers were  
also obtained f o r  t h e  Mach 0.825 Pi406 c a s e l  and t h e r e  t h e  ag reemen t  be tween  
t h e  t w o  procedures  w a s  n o t  near ly  a5 good. I t  is believed t h a t  of t h e  t w o  s e t s  of 
v a l u e s  t h e  quasi-analytical  r e s u l t s  are probably b e t t e r  and t h a t  t h e  d i f f e r e n c e s  
are due to  t h e  rapidly changing shock s t r e n g t h  etc .  occurring around Mach 0.825. 

Freestream Mach Number S t u d i e s  
Transonic  C a s e  -- Minf = 0.825, Pi406 Airfoi l  

I n  a n  a t t e m p t  t o  determine t h e  behavior of the des ign  s e n s i t i v i t y  coef f ic ien ts  
with Mach number, results were  obtained f o r  t h e  Pi406 a i r f o i l  a t  a f r e e s t r e a m  
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Mach number of 0.825. A t  t h e s e  condi t ions,  t h e  lower su r face  p r e s s u r e s  are still 
subcri t ical .  However, in  c o n t r a s t  t o  t h e  c a s e  a t  Minf=0.8, t h e  upper su r face  h a s  
for t h i s  Mach number a s t r o n g  shock wave a t  about  70% c h o r d .  Consequent ly ,  t h e  
aerodynamic sens i t i v i ty  C f i e f f i Z i E i  ~i c;lrvest which  a r e  shown on F igures  21-25, 
a r e  in  the  vicinity clf the shocR wave 5.irnilar in  5.hape tcs those  f o r  t he  NACA 1406 
a t  Minf = 0.8, which a l s o  had a s t rong  shock wave. In  addi t ion,  t he  peaks are 
l a rge r  in  magnitude t h a n  t h o s e  a t  Mach 0.8 and f u r t h e r  a f t ,  showing t h e  
dependence on shock wave locat ion.  However, the lower  su r face  cu rves  a r e  almost 
unchanged. 

Table  111 compares  t h e  lift coef f ic ien t  s e n s i t i v i t y  t o  t h e  des ign  va r i ab le s  a t  
var ious  freestream Mach numbers  f o r  t h e  cambered parabol ic  a i r foi l .  Comparison 
of t h e  r e s u l t s  a t  Mach 0.8 and 0.825 s h o w s  t h a t  dlCL/aT and b C L i a b c h a n g e d  
s ignif icant ly  be tween the  two  Mach numbers.  I t  is bel ieved t h a t  t he  r eason  f o r  
t h e s e  la rge  changes  is t h a t  be tween Mach 0.8 and 0.825, the shock wave on t h e  
upper su r face  is rapidly increas ing  i n  s t r e n g t h  and %he size of the supersonic  
tone  is rapidly growing. However,  once the s t r o n g  shock p r e s s u r e  d i s t r ibu t ion  is 
es t ab l i shed  t h e  coe f f i c i en t s  drop. In  f a c t ,  comparison of t h e  Pi406 r e s u l t s  a t  
Mach 0.825 and t h e  NACA 1406 a t  Mach 3.:: i nd ica t e s  t h a t  t h e s e  coe f f i c i en t s  for 
t h e  t w o  airfoils are very similar in magnitude. Of cour5ej both cases  have strong 
shock waves  on t h e  upper  su r face .  

Supersonic  Case  , M inf = 1.2 , P 1406 Airfoi l  
I n  o rde r  t o  i n v e s t i g a t e  the  appl icabi l i ty  of t h e  quasi-analyt ical  method a t  

supersonic  f r e e s t r e a m  Mach numbers,  a so lu t ion  w a s  obta ined  f o r  t h e  Pi406 
a i r fo i l  a t  Mach 1.2. A t  t h i s  condi t ion,  the f low is t r anson ic  i n  t h a t  t h e  bow shock 
is detached,  and t h e r e  is a reg ion  of subsonic  f low extending  t o  approximately t h e  
q u a r t e r  chord. F i g u r e s  26-30 show t h e  pressclre  s e n s i t i v i t i e s  f o r  t h i s  ca se ,  and 
Table  111 lists t h e  l i f t  s e n s i t i v i t e s .  Examinat ion of t h e  p l o t s  s h o w s  t h a t  t h e  
p r e s s u r e  s e n s i t i v i t y  coe f f i c i en t s  have d i f f e r e n t  t r e n d s  and magnitudes from 
t h o s e  computed f o r  subsonic  f r e e s t r e a m  supercrit ica! condi t ions,  F igs .  11-15 and 
21-25, and t h a t  t h e y  are appraaching t h e  form expec ted  f r o m  supersonic  l i n e a r  
theory.  These  changes  are par t icu lar ly  ev iden t  i n  t h e  l i f t  d e r i v a t i v e s  p re sen ted  
in  Table  111. Notice t h a t  t h e  de r iva t ives  with r e s p e c t  to t h e  des ign  va r i ab le s  
maximum th ickness ,  Mach number, and loca t ion  of maximum camber have switched 
sign. In  addi t ion ,  a s  expected from l inea r  theory ,  t h e  inf luence of camber on lift 
has decreased  s igni f icant ly ;  and a t  M=1.2 is only abou t  25% of t h e  angle  of a t t a c k  
e f f e c t  a s  compared t o  a f a c t o r  of about  t w o  a t  M=0.8. 

Time Comparisons 
.Obviously,  i n  t h e  development  of the quas i -ana ly t ica l  method it is hoped t h a t  

no t  only will  t h i s  approach yield accura te  v a l u e s  f o r  t h e  aerodynamic s e n s i t i v i t y  
coef f ic ien ts  bu t  also t h a t  it wil l  be more e f f i c i en t  t h a n  t h e  b r u t e  force f i n i t e  
d i f fe rence  approach. Table  I V  p r e s e n t s  some compar isons  concerning t h e  amount  
of computat ional  e f f o r t  requi red  to  obta in  s o l u t i o n s  by t h e  t w o  approaches.  

I t  comparing %he v a l u e s  s e v e r a l  items should be  kept  i n  mind. F i r s t ,  it h a s  
been assumed that t h e  f i n i t e  d i f fe rence  approach will requi re  s i x  independent  
so lu t ions .  I n  pract ice  it might be poss ib l e  t o  s ta r t  each f i n i t e  d i f fe rence  
so lu t ion  from a previous  so lu t ion  and, t h u s ,  d e c r e a s e  t h e  time t o  convergence. 
However, to  be accura te ,  t h e  f i n i t e  d i f fe rence  approach wil l  probably requi re  
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double precis ion and wil l  have to  be extremely wel l  converged (Le. 1E-08). 
Never the l e s s ,  the  v a l u e s  f o r  t h e  f i n i t e  d i f fe rence  approach probably should b e  
viewed as maximum values .  

Second, t h e  Gauss-Sidel method for otltaining t h e  s e n s i t i v i t y  coe f f i c i en t s  h a s  
no t  been  optimized and may no t  e v e n  be  a n  e f f i c i en t  method; and t h e  f lowfield 
scdut ion requi red  for  t h e  quasi-analyt ical  approach may no t  need double  prec is ion  
and may no t  have t o  be as  t igh t ly  convered. Thus ,  t h e  v a l u e s  shown for  t h e  
quasi-analyt ical  approach should  a150 be viewed a5 maximum values .  

I n  s p i t e  of t h e s e  l imi ta t ions ,  t h e  p r e s e n t  r e s u l t s  d o  indicate ,  a t  least f o r  t h e  
p r e s e n t  gr id  of only 41x20, t h a t  t h e  quasi-analyt ical  method is a t  t r anson ic  
condi t ions  poten t ia l ly  more computat ional ly  e f f i c i en t  t h a n  t h e  b r u t e  force  f i n i t e  
d i f fe rence  approach. 

IV. F u t u r e  E f f o r t s  

During t h e  n e x t  repor t ing  per iod,  work will  cont inue on developing t h e  
quasi-analyt ical  approach to  computing aerodynamic s e n s i t i v i t y  coe f f i c i en t s  i n  
t h e  t r anson ic  f low regime. I n  par t icu lar ,  s t u d i e s  wil l  be  conducted using more 
ref ined  g r i d s  a t  va r i e ty  of f r e e s t r e a m  Mach numbers. Also,  new so lu t ion  schemes  
for t h e  quasi-analyt ical  equat ion ,  Eq. (11, will  b e  considered and t r ied .  I n  
addi t ion,  t h e  concept of only including p a r t  of t h e  f lowfield i n  Eq.(l)  i n  a t t e m p t  t o  
reduce t h e  s i ze  of t h e  s y s t e m  wil l  be  inves t iga t ed .  T h i s  approach may n o t  be  
prac t ica l  a t  subsonic  s p e e d s ,  b u t  may have  some appl icabi l i ty  a t  t ransonic  
ve loc i t ies ,  and def in i te ly  can  be used  a t  supe r son ic  freestream condi t ions.  I t  is 
a n t i c i p a t e d  t h a t  a l l  of  t h e s e  e f f o r t s  w i l l  b e  r e s t r i c t e d  e n t i r e l y  t o  
two-dimensional f lows.  

Final ly ,  it is also an t i c ipa t ed  t h a t  a proposa l  wil l  be  submi t t ed  to  cont inue 
t h i s  work and t o  ex tend  it t o  t h r e e  dimensional  t r anson ic  f l o w s  a b o u t  wings. 
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TABLE I -- Comparison of Lift Sensitivity Coefficients for Similar 
Parabol ic and NACA Airfoils (Quasi-Analytical Method) 

Des I gn 'Var I ab1 e I t.!in+ = [ I .?  Minf = 0.8 
I Pl i lOd T.JAC.H 1406 P1406 NACA 1406 

I 
Max. Thickness I 0.0056 0 ,0050 

I 
Angle of I 6 . 3 5 2 9  6.3532 
Attack I 

I 
Max. Camber I 10.4638 10.4595 

I 
LOC. of Max. I 0.0814 0.0813 
Camber I 

I 
Minf I 0.0493 0.0489 

I 
I 1.1171 0 .6069  
I 
I 11.0361 10.8541 
I 
I 
I 21.4718 19.6335 
I 
I 0.1843 0.1648 
I 
I 
I 1.4381 ~ 1 . 0 1 5 0  

TABLE I 1  -- Accuracy of Quasi-Analytical Method for Computing oCL/oXD 
Sensitivity Coefficients for P1406 Airfoil 

Design Variable! Minf = 0.2 I Minf = 0.8 I Minf = 1.2 
IQuasi- Finite IQuasi- Finite IQuasi- Finite 
IAnaly Diff IAnalr Diff IAnaly Diff 
I I I 
I I I 

Max. Thickness I 0.0056 0.00581 1.1171 1.11631-0.2505 -0.2476 
I I I 

Angle of I 6 . 3 5 2 9  6.3603111 ,0361 11.05081 5.0899 5 . 0 9 2 0  
At tack I I I 

I I I 
Max. Camber l10.3638 10.4710121.4718 21.51391 1.3152 1.3279 

I I I 
LOC. of Max. I 0.0814 0.08181 0.1843 0.18491-0.1121 -0.1114 
Camber I I I 

I I I 
Minf I 0.0493 0.04951 1.4381 1.44481-0.1259 -0.1252 

I I I 
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TABLE I 1 1  -- Comparison of Lift Sensitivity Coefficients at Different 
Freestream Mach Numbers for the P1406 Airfoil (Quasi-Analytical Method) 

Des i pn Var i ab1 e I 
I 0.200 0.800 0.825 1.200 
I 
I 

Max. Thickness I 0.0056 1.1172 0.6524 -0.2505 
I 

Angle of I 6.3529 11.0361 11.4174 5,0899 
At tack I 

I 
1 10.4638 21.4718 21.5506 1.3152 Max. Camber 
I 

LOC. of Max. I 0.0814 0,1843 0.1652 -0.1 121 
Camber I 

I 
Mi nf I 0.0493 1.4381 1.0781 -0.1259 

Freestream Mach Number 

TABLE I U  -- Time Comparisons for 0btaining.Sensitivitr Coefficients for 
Five Design Variables for the P1406 Airfoil 

Minf = 0.2 Minf = 0.8 Minf=1.2 

I 
F1 owf i el d Solver I 1 2 . 9 5  2.30 

I 
Finite Difference Approach I 6 17.70 13.80 
( 6  Flowf ield Solutions) I 

I 
Quasi-Analyt ical Approach I 4.54 7.45 5.52 
C1 Flowfield Solution plus I 
Sensitivity Coefficient I 
Solution via Gauss-Sidel) I 

I 
Ratio -- Q W F D  I 0.76 0.42 0.40 

I 
I 

Note: All times are normalized by the flowfield solver time at Mach 0.2. 
Grid 41x20 
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L P1406 Airfoil M = 0.2 a = 1 degree 



I 
I 
1 
1 

1 
I 
I 

i 

. .  

10.00 

5.00 

0.00 L+.-L 
J p 

0.00 0.20 0.40 0. 

20.00 7 

aa 
15.00 

10.00 

5.00 

0.00 ,+ 

0.00 0.20 0. 

-I- 

T I 0.80 1. 
10 

10 X 

Figure 2 -- S e n s i t i v i t y  of Pressure to Angle of  Attack 
P1406 A i r f o i l  M = 0 .2  a = 1 degree 
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Figure 3 -- S e n s i t i v i t y  o f  Pressure to Maximum Camber 
P1406 A i r f o i l  M = 0 . 2  ci = 1 degree 
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Figure 5 -- S e n s i t i v i t y  of Pressure t o  Mach Number 

P1406 A i r f o i l  M = 0 . 2  o? = 1 degree 
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Figure 6 -- S e n s i t i v i t y  of Pressure t o  Maximum Thickness 
NACA 1406 Airfoil M = 0.2 a = 1 degree 
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Figure 7 -- Sensitivity of Pressure to Ang1e:of Attack 

NACA 1406 Airfoil M = 0.2 CI = 1 degree 
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F i g u r e  8 -- S e n s i t i v i t y  of P r e s s u r e  t o  Maximum Camber 
NACA 1406 A i r f o i l  M = 0.2 c1 = 1 d e g r e e  
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F i g u r e  9 -- S e n s i t i v i t y  of P r e s s u r e  t o  L o c a t i o n  of Maximum Camber 
NACA 1406 A i r f o i l  M = 0.2  cx = 1 d e g r e e  
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F i g u r e  10 -- S e n s i t i v i t y  of P r e s s u r e  t o  Mach Number 
NACA 1406 A i r f o i l  M = 0.2 a = 1 d e g r e e  
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F i g u r e  11 -- S e n s i t i v i t y  of P r e s s u r e  to.Maximum Th ickness  

P1406 A i r f o i l  M = 0.8 a = 1 d e g r e e  
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Figure 12 -- Sensitivity of Pressure to Angle of Attack 
P1406 A i r f o i l  M = 0.8 a = 1 degree 
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Figure 13 -- Sensitivity of Pressure to Maximum Camber 

P1406 Airfoil M = 0.8 a = 1 degree 
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F i g u r e  14 -- S e n s i t i v i t y  of P r e s s u r e  t o  L o c a t i o n  of Maximum Camber 
P1406 A i r f o i l  M = 0.8 cr=l d e g r e e  
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Figure 15 -- Sensitivity of Pressure to Mach Number 
P1406 Airfoil M = 0.8 c1 = 1 degree 
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F i g u r e  16 -- S e n s i t i v i t y  of P r e s s u r e  t o  Maximum Th ickness  
KACA 1406 A i r f o i l  M = 0.8 a = 1 d e g r e e  
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Figure 17 -- Sensitivity of Pressure to Angle of Attack 
NACA 1406 Airfoil M = 0.8 c1 = 1 degree 
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F i g u r e  18 -- S e n s i t i v i t y  of P r e s s u r e  t o  Maximum Camber 
NACA 1406 A i r f o i l  M = 0.8 (Y = 1 d e g r e e  
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F i g u r e  19 -- S e n s i t i v i t y  of P r e s s u r e  t o  L o c a t i o n  of  Maximum Camber 
NACA 1406 A i r f o i l  M = 0.8 CL = 1 d e g r e e  
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F i g u r e  20 -- S e n s i t i v i t y  of P r e s s u r e .  t o  Mach Number 
NACA 1406 A i r f o i l  M = 0.8 a = 1 d e g r e e  
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Figure 22 -- Sens i t iv i ty  of Pressure to Angle of Attack 
P1406 A i r f o i l  M = 0.825 a = 1 degree 

X 

X 

33 



I I 

*O.OO 3-- 
ECL! a c o.oo k 

-40.00 

-60.00 

-80.00 -&rrrm~ 
0.00 0. 

2per 

- 1 1 1 I 1 1 1 I I  I I I I I I I l l  

0 0.60 0.80 1 .oo 

Figure 23 -- S e n s i t i v i t y  of Pressure to Maximum Camber 
P1406 A i r f o i l  M = 0.825 a = 1 degree 
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F i g u r e  25 -- S e n s i t i v i t y  of P r e s s u r e  t o  Mach Number 

P1406 A i r f o i l  M = 0.825 a = 1 d e g r e e  
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Figure 26 -- S e n s i t i v i t y  of Pressure t o  Maximum Thickness 
P1406 A i r f o i l  M = 1 .2  a = 1 degree 
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F i g u r e  27 -- S e n s i t i v i t y  of P r e s s u r e  t o  Angle of Attack 

P1406 A i r f o i l  M = 1.2 a,= 1 d e g r e e  
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Figure 28 -- S e n s i t i v i t y  of Pressure to Maximum Camber 
; P1406 A i r f o i l  M = 1 . 2  a = 1 degree 
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Figure 29 -- S e n s i t i v i t y  of Pressure t o  Location of Maximum Camber 
P1406 A i r f o i l  M = 1 . 2  & = 1 degree 
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Figure 30 -- S e n s i t i v i t y  of Pressure t o  Fiach Number 

P1406 A i r f o i l  M = 1 .2  a = 1 degree 


